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1. Introduction 

The Virasoro algebra, also known as centrally extended Witt algebra, is probably one of the most 
important algebra studied by physicists and mathematicians in last few decades. It has a profound 
impact on mathematical and physical sciences. It appears naturally in problem with conformal sym¬ 
metry and where the essential space-time is one or two dimensional and space is compactified to 
a circle. For more details, see HI- |[T3l, OH, |[T8l, ||20l, ||23l, ||23- ISTl, 1371, l38l but also 
references therein. 

We deal with one of the most important infinite dimensional Lie algebra, the Witt algebra W and its 
universal central extension. The Witt algebra is defined as fhe complex Lie algebra of derivations of 
fhe algebra C[0,0^^] of complex Laurenf polynomials. The elemenfs of Wiff algebra W are defined 
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as d„ = n G Z, so 


^ = ®nezCdn. 


The Lie-bracket of elements of W yields [dm,dn] = (m — n)dm+n- 

The Virasoro algebra is constructed from the Witt algebra W by non-trivial central extension, 
called the Gelfand-Fuchs cocycle. 

Recently, Kuperschmidt ETTl investigated the Virasoro algebra with the multiplication 

[ep,eq] := ep-keq-eg-kep = {p - q)ep+g + d{p^ - p)5p+q, p,q€Z, 

[e,ep] = 0 , ( 1 . 1 ) 

in a quasiassociative algebra endowed with the product 

ep-keg = + ^)P^]^p+q^ 

ep-kO = Q-kCp = 0. ( 1 . 2 ) 

He focussed his analysis on the centerless quasiassociative multiplication 


„ __^(l + £^) „ 

^ ^ \+e{p + q) ^ ^ 

He verified that this multiplication satisfies the quasiassociativity property 


(1.3) 


epk{egker)-{epkeg)ker = eqk{epker)-{eqkep)ker, p,q,reZ, (1.4) 

and re-interpreted, in the language of 2—cocycle, the property of a bilinear form to provide a central 
extension of a quasiassociative algebra. His study led to a complex on the space of cochains and 
its generalization. Besides, Kuperschmidt discussed the homology and performed the differential- 
variational versions of the main results for the case when the centerless Virasoro algebra is replaced 
by the Lie algebra of vector fields on fhe circle. 

This paper addresses a generalization of fhe algebra (11.11) . denofed by [.,.]), endowed wifh 
fhe mulfiplicafion 


coming from fhe commufafor 


[exnexj]=g{xi,Xj)e^_+^j, 


(1.5) 


[ex, ,exj]= aex, kCx^ - bcx^ kCx,, ( 1 . 6 ) 

where {a,b) G M x M+, {xi,Xj) G I?. We give fhe necessary and sufficienf condition for fhis algebra 
fo be a quasiassociative algebra with the multiplication 


exi k £xj — f{Xii Xj ) Cxi +Xj • (1 ■ 2 ) 

Let us immediately mention that such a generalization of the algebra (11.11) can lead to various 
classes of nonassociative algebras |[3^ such as alternative algebras, Jordan algebras, and so on, as 
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well as to their various extensions, depending on the defining functions / and g, but also on the 
real constants a and b. However, without loss of generality, in the sequel, the functions / and g are 
assumed to be defined as follows: 


f,g:I,xZ — {xi,xj)^ f{xi,xj),g{xi,xj). (1.8) 

Moreover, in fhis work, we are only interested in fhe class of lefl symmefric algebras, also called 
quasi-associafive algebras. 

The main resulfs obfained in fhis work can be summarized in fhe four following fheorems: 
Theorem 1.1. For the multiplication Cx^ xcxj ■= the quasi-associativity condition 

i^Xj * ^Xj ) * ^Xl ^Xj * if^Xj * ^Xl ) - {.^Xj * ^Xi ) * ^Xl ^Xj * * ^Xl ) ) (1-9) 

is expressed by the Nijenhuis-torsion free relation: 

Theorem 1.2. The hereditary condition for a linear map <I>: s/ —>■ s/ associated with the gener¬ 
alized Virasoro algebra (EH) makes into: 

• For d>: exi ex^+xofar some fixed xq GZ, Vx,- G Z, 

giXi +X0,Xj) + giXi,Xj +Xo) - g{Xi,Xj) =g{Xi+Xo,Xj+Xo), (1.11) 

or, equivalently, 

(^,f^x0+-^x0- Xo-^xO-i^giXi,Xj) = 0 , ( 1 . 12 ) 

where the right and left translation operators cind FfxO are defined, respectively, by 


^xQg{xi,Xj)\=g{xi,Xj+XQ), ^xOg{xi,Xj):=g{xi+X 0 ,Xjy, (1.13) 


For^:exi 


g{xm,Xj)Ri j Fg{xi,Xf,)RjRfj^i g{xi,Xj)Ri^jRi ex,. — g{xm,x,i)Ri Rj^x„,-\-x„t 


(1.14) 


For d>: exi ex,+i, [ex.Fxj] ■= R^ex,, 




(1.15) 


Theorem 1.3. For a map p : sV — > sV, i— > ^x,+xo with some fixed xq G Z, Vx; G Z, the 
p —compatibility equation is equivalent to the invariance of the operator (1 — (p ) under the action 




Mahouton Norbert Hounkonnou, Partha Guha and Tudor Ratiu 


of the right translation operator i.e., 

^,„(1-^) = (1-^), (1.16) 

where the right translation and exchange operators and S are defined, respectively, by 

^xJ{Xi,Xj) = f{Xi,Xj+XQ), ^f{Xi,Xj) =f{Xj,Xi). (1.17) 

Theorem 1.4. The universal identity, known for nonassociative algebras turns out to be in 
the following form for the generalized algebra introduced with the multiplication (O- 


f{xk,Xj)(^-^xX^j^^k+Xj){l-S’){fiXi,Xj) + [[f{Xj,Xk+Xx),f{Xi,Xk+Xj)]]^ 

- ^x,+Xjf{Xk,Xx)(^-^xj{XhXk){l-S’){f{Xi,Xj) + [[f{Xj,Xk),f{Xi,Xk)]]J 

- ^Xi+Xjf{xk,Xj)(^-^xj{XhXj){l-S’){f{Xi,Xj) + [[f{Xj,Xs),f{Xi,Xx)]]j =0 (1.18) 

where 


[[f{Xj,Xl)J{Xi,Xl)]] = f{Xj,Xl)^xJ{Xi,Xl) - f{Xi,Xl)fi^Xif{Xj,X,), (1.19) 

and j Sf, are the usual left and right translation operators, respectively. 

In the sequel, we give a full characterization of this generalized Virasoro algebra for which the 
quasi-associativity condition and the criteria making it a Lie algebra are discussed. We deduce the 
hereditary operator and its generalization to the corresponding 3—ary bracket. Further, we deduce 
the so-called p —compatibility equation, and investigate a phase-space extension. Finally, concrete 
relevant particular situations are analyzed. 

The paper is organized as follows. Section 2 deals with some preliminaries on left symmetric 
algebras (also called quasi-associative algebras). In section 3, we discuss the main properties of 
the generalized Virasoro algebra. The case of left-alternative algebra structure and its link to some 
classes of nonlinear systems of differential equations are also recalled. Coboundary operators and 
a 3—ary bracket are defined and discussed. We define fhe heredifary operafor, and generalize if 
fo fhe case of 3—ary brackef. Then, we derive fhe associafed p— compafibilify equafion. Phase- 
space extension is also discussed. In secfion 4, we investigate fhe full cenfrally extended Virasoro 
algebra in fhe framework of fhe considered formalism. In secfion 5, we analyze fhe case of an 
infinite dimensional Lie algebra of polynomial vector fields on fhe real line M' and deduce some 
remarkable idenfifies. We end, in secfion 6, by some concluding remarks. 

2. Preliminaries on left symmetric algebras 

The ordinary centerless Virasoro-Wiff algebra belongs to the class of quasi-associative algebras, 
known, in the literature ll2^ (and references therein), under the name of left-symmetric algebras 
(LSAs), arising in many areas of mathematics and physics. The LSAs were initially introduced 
by Caley in 1896 in the context of rooted tree algebras and in recent years Vinberg and Koszul 
re-introduced them in the context of convex homogeneous cones. LSAs have also independently 
appeared in the works by Gerstenhaber. As a consequence, perhaps, LSAs are known under differ¬ 
ent names. They are also called Vinberg algebras, Koszul algebras, or quasi-associative algebras, 
Gerstenhaber algebras, or pre-Lie algebras. See ||6l, ll^ and ll^ (and references therein). 
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Geometrically, they are also connected to the theory of affine manifolds and affine structures on 
Lie groups. See 111, 1301,13 and references therein. Recall a smooth manifold which admits a linear 
connection V whose torsion and curvature tensor vanish, is called an affinely flat (or simply affine 
in short) manifold. By a well known theorem of differential geometry, such a manifold is locally 
equivalent to an open subset of Euclidean space with the standard connection, i. e., for each point 
of the manifold, there are a neighborhood and a coordinate map into the Euclidean space which is 
an affine equivalence. In fact, the torsion and curvature are exactly the obstructions to the existence 
of such a map. In general, a connection V on a Eie group is completely determined by the action on 
the left invariant vector fields, i.e., by for X,F G q using the Eeibniz rule. V is left-invariant if 
and only if G g whenever X,E G g. To perceive the problem algebraically, denote V^E by X.Y 
for a left-invariant connection V and vector fields X,E G g. Then having a left-invariant connection 
on G is the same as having an algebra structure on g. In this way, the geometric problems involving 
left-invariant connection become algebraic ones. 

A left-invariant connection V on G is said to be bi-invariant if it is also right-invariant. As usual, 
this holds if and only if V is adjoint invariant. We can characterize bi-invariant connections using 
the associated algebra structure X.Y = V^E as follows ||25l: 

Proposition 2.1. The following statements are equivalent: 

(i) A left-invariant connection V on G is bi-invariant. 

(ii) Adg is an algebra automorphism on (g, .)for all g G G. 

(Hi) Adx is an algebra derivation on (g, .)for all X G Q, i.e., 

Adx{Y.Z) =Adx{Y).Z + Y.Adx{Z) 

or [X,Y.Z] = [A,E].Z + E.[A,Z],X,E,ZGg. (2.1) 

Proof. See 1251. □ 

If furthermore the connection V is torsion free, then the algebra automorphism becomes a Eie 
algebra automorphism since [2f,E] = X.Y — Y.X, X,Y G g. Suppose further that V is affinely flat 
so that it has vanishing torsion and curvature tensor. Then, using small letters for elements of g and 
xy for X.Y = V^E, the torsion-free condition and the flatness of V become algebraically: 


xy-yx=[x,y\ (2.2) 

x{yz)-y{^z)-[x,y\z = 0, (2.3) 

respectively, for all x,y,z G g. This leads to the following definition. 

Definition 2.1. Eet A be a vector space over a field K equipped with a bilinear product (x,y) i-)- xy. 
A is called a left symmetric algebra, or, equivalently, a quasi-associative algebra, if for all x,y,z G A 
the associator (x,y,z^ = x(yz) — {xy)z is symmetric in x,y, i.e., 

(x,y,z'^ = (y,x,zy or (xy)z-x(yz) = iyx)z-yixz). (2.4) 

Hence finding a left invariant affinely flat connection on G is the same as finding a left- 
symmetric algebra structure on g which is compatible with Eie algebra structure of g in the sense of 
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Left symmetric algebras are Lie-admissible algebras (cf. 1321). Let A be a LSA, then for any 
X GA, denote Lx the left multiplication operator, Lx{y) = xy for all yGA. By setting [x,y\ \=xy — yx 
a Lie bracket defines a Lie algebra (A), known as the sub-adjacent Lie algebra of A. Thus A is 
called a compatible left symmetric algebra structure on the Lie algebra f^(A). 

Let f#(A) gl{A) with Lx. Then (L,A) gives a representation of the Lie algebra ^(A), 
i.e., [Lx,Ly] = L^x,y] for ^ But this is neither sufficient nor necessary condition to give 

compatible LSA on any Lie algebra. These are given as follows. Let be a Lie algebra with a 
representation p : —)• gZ(L), then a one-cocycle g L be a linear map associated to {p,q) 

such that q[x,y\ = p{x)q{y) — p{y)q{x) for all x,y € It has been shown in Ebl that there is a 
compatible LSA structure if and only if there exists a bijective one-cocycle of f#. 

If {p,q) is a bijective one-cocycle of ^ then x*y = q^^p{x)q{y) defines a LSA structure on 
where as for a LSA A the identity transformation is a one-cocycle of f^(A) associated to the regular 
representation L. 

It is also worth noticing that left-symmetric structures appear of natural way in the theory of 
integrable systems of hydrodynamic type (see ll28l . ifTOl . (and references therein)) and the 
generalized Burgers equation. Indeed, it was proved by Sokolov and co-workers ll22ll . (see also ll35l 
and references therein), the following theorem giving the link between LSAs and multicomponent 
generalizations of Burgers equations. 

Theorem 2.1. are structure constants of any LSA, then the system of Burgers equations, 


u't = Uxx + ^C’jj^u^ul -|- A‘jj,^jU^u^f '^, where i,j,k= I,... ,N 


(2.5) 


is integrable iff the following relations hold: 



( 2 . 6 ) 


In this case, let ei,..., be a basis of a LSA , and u = n'e,. Then, the integrable system can 
be written as 


= Uxx-\-2uoUx-\-uo (^uou) — (uou) ou 


(2.7) 


where o denotes the multiplication in £/. 

3. Generalized Virasoro algebra: quasi-associativity, hereditary operator and 
p— compatibility equation 

In this section, we discuss the main properties of the generalized Virasoro algebra. The case of 
left-alternative algebra structure and its link to some classes of nonlinear systems of differential 
equations are also recalled. A 3—ary bracket is defined and the relation between the functions / and 
g is given. We define the hereditary operator, and generalize it to the case of 3—ary bracket. Then, 
we derive the associated p — compatibility equation. 
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3.1. Skew-symmetry, Jacobi identity, coboundary operators and derivation property 

• Skew-symmetry 

The skew-symmetry property 

[ex,,exj\ = ae„. - be^^j ■)^e„. = g{xi,Xj)e,c,+Xj 

= -[exj,e:,] =-(aexjke^.-be^^-kejcj^ = -g{xj,Xi)e,c,+xj 

induces the conditions 


a = b or g{xi,Xj) = -g{xj,Xi). 


Jacobi identity criterion 
The Jacobi identity 


[exi,exj\,exi^ 


+ 


[exj ,exi^\,exj 


+ 


[exi,Texj\,exj 


= 0 


reduces to a condition similar to the Bianchi’s identity 


where 


■=g{Xi,Xj)g{Xi+Xj,Xk). 


Exploiting the relation between the functions / and g, i.e., 


(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 


g{xi,Xj) = af{xi,xj)-bf{xj,xi). (3.6) 

we can re-express the criterion for the Jacobi identity by the following result: 

^2 + T), + T^.) + (g% + G{ + Gi^) 

- ab (g\j + G), + Gl + % + + 4) = 0 (3.7) 

where 

:= f{xi,Xj)f{xi +xj,xk), G^j =: f{xi,Xj)f{xk,Xi+Xj). (3.8) 

The criteria (13.21) and (13.41) or (13.71) confer the Lie algebra structure to the algebra 

For a = b, skew-symmetric functions /, (i. e. f{xi,Xj) = —f{xj,Xi) for all Xi,Xj G Z), 
are solutions of (13.71) . which is consistent with the above skew-symmetry conditions (13.21) . 
Note, however, that the search for a general solution to this functional equation remains an 
open issue. 

• Coboundary operators, 2—cocycle and second cohomology 

In addition to the above criteria, we consider an associated Lie module ^ over and 
a k—cochain, i.e. an alternating IK—multilinear map 

\jf : X X ... X (kcopies ofxsf) —)• 

The most important £/-modules are the trivial module K, i.e., the action reads Cx,, • A = 0 
for all A G IK and all ex„ G and adjoint module i.e., acts on £/ by the adjoint action. 
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Denote the vector space of A:—cochains by ,£/) and define the coboundary operators 

5k : , k€N, with5<:+i o 5^ = 0. (3.9) 


Definition 3.1. A cochain if/ is called a cocycle if it lies in the kernel of the cobound¬ 
ary operator St- It is called a k—coboundary if it lies in the image of the (k-1) coboundary 
operator. 

A skew-symmetric map \i/ : £/ x ^ is a. Lie algebra 2—cocycle with values in the 
adjoint module if 

• = V{[^Xi1^Xj]}^Xl:) ~i~ W(l^XjJ^Xk]^^Xi) ~i~ V^{[^Xfi^Xi\-i^Xj) 

~ l^Xi ) Wi^Xj i^Xh)] + [^Xj t Wi^Xi :^Xk)] ~ [^Xk 5 Wi^Xi ) ^Xy )] = 0 (3.10) 

and a coboundary if there exits a linear map <p : ^ with 

V^(^X,)^Xy) = (l^)(^Xn^Xj) •= 0([^X,)^Xy]) “ [^X, ) (^Xy )] + kxy ) </* (^X, )] ■ (3.11) 

The second cohomology of si with values in the adjoint representation is 

H^{si,si) = Ker 82 / Im 5i, 

whereas H^{s/,K) with values in the trivial module is related to the central extension of 
s/. It is worth to say that deformations of the Lie algebra si are related to the Lie algebra 
cohomology and H^{s/,s/) classifies infinifesimal deformations ifTTIl . If H^{s/,s/) = 0, 
fhen si is infinifesimally formally rigid. 

An elemenfary and direcf calculation of fhe vanishing second Lie algebra cohomology 
of fhe Wiff and Virasoro algebras wifh values in fhe adjoinf module is given by Schlichen- 
maier 0^ . In 1989, A. Fialowski showed by explicif calculations fhe vanishing of fhe 
second Lie algebra cohomology of fhe Will algebra (in an unpublished manuscripl). She 
also gave slafemenls of fhe rigidily of fhe Will and Virasoro algebras ifTTI wilhoul proof. 

Write Ihe 0—cocycle as 


V^(^X/)^Xy) Wxi,Xj^Xj+Xj- (3.12) 

If il is a coboundary, Ihen il can be given as a coboundary of a linear form of degree 0, i.e.. 

Hex,) = (l>x.e,r (3.13) 


Then fhe following resull holds. 

Proposition 3.1. The 2—cocycle t/r defined by 

Hw{exne,cpeH-=^ (3-14) 


leads to the functional relation: 


g{xi,Xj ) pxj,Xk s{xj , Xk) V4y +XJ,,x,- + 8{xk,Xi) Xj/x^ Pxk ,X y 
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- g{Xi,Xj +Xk)\lfxj^^ + g{Xj.,Xi+Xk)Wxi,x,,- g{Xk,Xi+Xj)\lfy,.^x^ = 0. (3.15) 

Besides, there results from the expression di.iil) .' 

(^10~ {0Xi+Xj ~ ^Xj ~ ^Xi+Xj- (3.16) 

Hence, Y i^ coboundary if and only if there exists a system of^xt GC, Xk G Z, such that 

Vxi,Xj = g{itCi.iXj) (0Xi+xy “ <fe;, ~ (j^Xj) • (3.1V) 

• Derivation property 

This property expressed as 

i^Xi 1 ^Xj * ^Xk ] • ~ ^Xj * [^X, ) ^Xk ] T [^X, ) ^Xj ] * ^Xk (3.18) 

leads to 


f{xpXk)g{Xi,Xj+Xk) = g{Xi,Xk)f{xpXi+Xk) +g{Xi,Xj)f{Xi+Xj,Xk) 

or, equivalently, using the relation (13.61) between / and g, to 

f{xj,Xk) af{xi,Xj +Xk) - bf{xj+Xk,Xi) 

- f{xj,Xi + Xk) af{xi,xk)-bf{xk,xi) -f{xi + Xj,Xk) af{xi,Xj)-bf{xj,Xi) 

which can be simply rewritten as 


(3.19) 


+tiGi.+TyTjA =0. 


= 0 

(3.20) 

(3.21) 


Let us extend now the notion of skew-symmetry and Jacobi identity to the vector space = 
with the multiplication 


(^Xp ) ^Xr ) ! (^X, ) ^Xj ) •— ^[^XpJ^X,] 


J ) ^Xp ts Cx , Cx * ^Xr 


(3.22) 


where (.,.) is the ordinary dot product. Explicitly, this new bracket gives 


(^Xp) ^Xr)) (^x,) ^Xj) — g{Xp,Xq)(^exp+XpTf{Xp,Xs)exp+Xs f{^qi^r)^Xp+x^ 1 (3.23) 

or, equivalently. 


(^Xp)^Xr)) (^Xp)^x,) — gi^pyXq) f{Xp,Xs)(^exp+Xgi^Xp-\-Xs'^ f{Xq,Xr)(^Xp+x,i:^Xp+x, 

Therefore, the skew-symmetry criterion reads 


(3.24) 


g(Xp,Xq) g(Xq,Xp) f(Xp,Xs)[exp+x,i:^Xp-yXs) (^Xp+x,; ^Xp-|-x, 

The Jacobi identity property 


= 0. (3.25) 


[ (^Xp ) ^Xr ) ) (^X„ ) ^Xj ) ] ) (^X, ) ^X„ ) + [ (^X„ ) ^Xj ) ) (^X, ) ^X„ ) ] ) (^Xp ) ^Xr ) 
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+ 


[{^X, ) ) ) i^Xp ) ^X,- )] ) {^X„ 1 ^Xs ) 


= 0 


(3.26) 


gives here the following functional relation: 

g{Xp,Xpi)g{Xp +Xq,Xt)f{Xp +Xq,Xu) - g{Xq,Xt)g{Xq + Xt ,Xp)f{Xq,Xu)f iXp,Xq + Xu) 
+g{Xt,Xp)g(x, +Xp,Xq)f{Xp,Xu)fiXq,Xp+Xu) (e Xp +Xq +X,)^Xp+Xp+X^ 
- g{Xp,Xq)g{Xp+Xq,Xt)f{Xp,Xs)f{Xt,Xp+Xs)-g{Xq,Xt)g{Xq+Xt,Xp)f{Xt,Xs)f{Xp,Xt+Xs) 


^X„+X„+X, ) ^Xp+X,+Xs 


+ 


-g{Xt,Xp)g{Xt +Xp,Xq)f{Xp +Xt,Xs) 
g{Xp , Xq)g{Xp +Xq,Xt )f{Xq , Xr)f{Xt ,Xq + Xr) + g{Xq,Xt )g{Xq + Xf , Xp)f{Xq +Xt,Xr) 

-g{Xt,Xp)g{x,+Xp,Xq)f{x,,Xr)f{Xq,Xr+Xt) ^Xp +X, +X, ) ^Xp +Xr +X, ^ — 0, 


or, equivalently, 


+ 

+ 


S‘qp^xJ{Xp,Xu) - fqtG^u + 
i%^,J{Xp,Xs) + - fpq&p, 

'fpq&qP + rqp^,J{x,,Xp)-l‘lpG‘},. 


^Xp+Xq+X, J ^Xp+Xq+X, 
'Xp+Xq+X, 1 ^Xp+X,+Xs 


{^Xp+Xq+X,1^Xq+Xr+X^ —0) (3.27) 


where stands for the left-translation operator acting as ^x,f{xq,Xr) = f{xq+Xt,Xr). 

3.2. Quasi-associativity condition 

From the definition of the quasiassociativity w.r.t. the multiplication rule (11.71) . we infer the follow¬ 
ing relation 

f{xi,Xj)-f{xj,Xi) f{xi+Xj,Xk) = f{xj,xk)f{xi,xj+xk)-f{xi,xk)f{xj,xi + xk) (3.28) 

expressing the necessary and sufficient property which confers a space phase structure to the sub- 
adjacent Lie algebra |[27l . 

Setting the ansatz 

f{xi,Xj):=(l)x^(xj) (3.29) 

for some linear map ^ : Z —> End(Z), = ^{x), then the quasiassociativity condition (13.281) reads 

^Xjixj) (j^XjiXi) ^Xj+Xjixk) — ^Xj{xk)(pXj{Xj -|- Xk) ^Xiixk)^Xj{Xi Xk), (3.30) 

which can be further simplified info fhe expression 




= 0 


(3.31) 


by defining (/>x, (xj) := . The relafion (13.311) can be given an inferprefafion in terms of fhe null 

value of fhe Nijenhuis-forsion. Indeed, we have fhe following resulf. 

Proposition 3.2. Let ex^RCxj := R^ijCxi^. Then the quasi-associativity condition, i.e., 

{Cxj RCxj)-kCxj — Cxi * (Cxj RCxi) = {Cxj *) *^X/ ~ ^Xj * {Cxi *^X;); 


(3.32) 
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is expressed by the Nijenhuis-torsion free relation: 

[rIi - - R^f^f + = 0. (3.33) 

This well agrees with the result exposed in (391. In this case, as well pointed out by Kuper- 
schmidt (281 (see also references therein), all associated hydrodynamic systems are diagonalizable 
in Riemann invariants whenever they are hyperbolic. Moreover, a diagonal At—component hyper¬ 
bolic hydrodynamic system whose Nijenhuis torsion is zero, is isomorphic to N noninteracting 
scalar equations. 

Definition 3.2 (Alternative algebra). An alternative algebra over a field F is an algebra defined 
with the two identities (33l 


x^y = x{xy) for all x,y G (3.34) 

and 

yx^ = {yx)x for allx,y G (3.35) 

known, respectively, as left and right alternative laws. 

In terms of associators, (13.341) and (13.351) are equivalent to 

{x,x,y) = Ofor allx,y € ^ (3.36) 

and 

(y,x,x) = 0 for allx,y G(3.37) 


respectively. Therefore, the relations (13.311) and (13.331) are trivially satisfied, 0 = 0, for i = j, i.e., 
in fhe case of leff-alfernafive algebra. In accordance wifh fhe modified Riccafi scheme infroduced 
by Kazakov (24]l . such a leff-alfernafive algebra is associafed wifh fhe following vector sysfem of 
equafions: 


Yf = -Y*Y + £, (3.38) 

where fhe vector function e{t) fakes value in fhe considered leff alfernafive algebra (LAA). The 
nonlinear sysfem (13.381) can be reduced fo linear problems by means of fhis LAA. Notice fhaf, in 
confrasf fo sysfems of hydrodynamic fype, fhe nonlinear systems of equations generated by left- 
alternative algebras do not, in general, have integrals of the motion. For more details, see (24ll . It is 
also worth mentioning the well-known Burgers vectorial equation (35l: 

Uf = u„-|-2u*U;f+ u*(u*u) — (u*u)*u, (3.39) 

which is one of the important examples of equations associated with LSAs. In the case of the 
generalized Virasoro algebra examined in this work, the *— product is defined by fhe mulfiplicafion 
law (11.71) . New examples of nonlinear sysfems may exisf, buf fheir full invesfigafions remain fofally 
open and may be fhe core of our forfhcoming works. 
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3.3. 3—ary bracket 

Ternary algebra plays an important role in the construction of the world volume theories of multiple 
M2 branes ill. The ternary bracket was introduced by Nambu ifT^ and developed by Filippov ifT^ . 
Several authors 10 studied Kac-Moody and centerless Virasoro (or Virasoro-Witt) 3—algebras and 
demonstrated some of their applications to the Bagger-Lambert-Gustavsson theory. The su(l,l) 
enveloping algebra was used by Curtright et al [Si to construct ternary Virasoro-Witt algebra. Moti¬ 
vated by this work, we study the ternary algebra of the generalized Virasoro algebra defined by the 
following 3—ary bracket: 


) r-Xj , c-xj. 


t] •— G,- * [^Xj ) G*] + G; * [G* ) G,] + Gi- * [G,- ) G J • 


(3.40) 


Putting 


:= gixi,Xj)f{xk,Xi+Xj)ex,+xj+xt 


(3.41) 


yields the following expression for the 3—ary bracket: 

[g,- , exj , ejrJ = Efy -I- + eI-. (3.42) 

In the other hand, using the relations (11.61) and (11.71) the same bracket can also be evaluated in terms 
of the real a and b. In this case, denoting by 


F^- •= 


af{xi,xj)-bf{xj,xi) f{xk,Xi+Xj)ex,+xj+xt, 


(3.43) 


we obtain 


[g,- , exj , — Ffy + ¥‘ji^ + wl-. (3.44) 

The relations (13.421) and (13.441) can therefore be used to define a 3—algebra generalization of the 
generalized Virasoro algebra proposed by Kupershmidt ETll . Indeed, such a formulation of the 
3—ary bracket, cyclic in the indices ij^k, reminiscent of the Bianchi’s identity for curvature tensor 
in differential geometry, is quite relevant for detailed analysis of 3—algebras as will be developed 
in a forthcoming paper. 


3.4. Hereditary operator 

The hereditary operator is defined as follows ifT^ : 

Definition 3.3 (Hereditary operator). 

A linear map <I>: , o) —)• (. 2 /, o) defined as 


[a,b\^ := (<Pa) ob + ao [(^b) —^{aob), 
where o is some binary bilinear operator on s/, is called hereditary if 

<I>[a,Z>]ci) = (d>a) o {^b), 


(3.45) 


(3.46) 


or, equivalently. 
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{aob)-\- (‘I’fl;) o {^b) = (‘I’a) ob-\-ao {^b) 


Next, let us introduce the map such that 


(3.47) 


^k{'^){b) ■=ko^{b)-^{b)ok-^{kob)+^{bok) (3.48) 

for all b G £/. Then <I> is ^—invariant iff = 0. 

Formally, let us write 

^ab = aob — boa. (3.49) 

Then, the Leibniz rule reads 

^^{^ob)=^a{^)ob + ^{^ab). (3.50) 

Therefore, the map <I> is hereditary iff 

<I>(J^,<I>)=^CI.(«)‘I>. (3.51) 

Three particular cases give rise to interesting simpler conditions as follows. 

Proposition 3.3. The hereditary condition for the generalized Virasoro algebra (O makes into: 
(i) For d>: e^. e^^+xofar some fixed xq, 

g{xi+XQ,Xj)+g{xi,Xj+XQ)-g{xi,Xj) = g{xi+XQ,Xj +xo), (3.52) 

or, equivalently, 

(^f^xO+.^xQ - ■^xQ.^xO - l^giXi,Xj) = 0, (3.53) 

where the left and right translation operators f^xO cmd ^xO tire defined by 


■^x0g{xi,Xj) := g{xi,Xj+xo), J!fxOg{xi,Xj) := g{xi+xo,Xj)-, (3.54) 


(ii) Ford>: ^R-ex„ 


g{xm, xfRfR^^j + g{xi, Xn)R'jR'„+i - g{xi,Xj)R\^jR^, ex, = gix^, )RfR)ex,,+x ,; 


(3.55) 


f Hi) For d>: ex, ex^y- 1, [ex ^, Oxj ] : = R’ijex ,, 




(3.56) 
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Besides, defining the action of <I> on a 3—ary bracket in the simple case of <I>: ex^ ^xt+xa as: 


<I> 


^Xi ,^Xj, ^Xk 


J 0 


^{ex.)Mexj)Mexk) 


(3.57) 


yields a Bianchi like identity 


where 

P^:= 




(3.58) 


g(xi +xo,Xj) +g{xi,Xj +XQ)-g{xi,Xj)-g{xi +xo,Xj +.ro) f{xk +xo,Xi +Xj + 2xo) (3.59) 
or, equivalently, in operator form, 

:= (^^xO + .^xO - ^xO-^xQ - l^g{Xi,Xj)£^2xO+xj-^xof{xk,Xi). (3.60) 


Hereditary operators play an important role in the field of nonlinear evolution equations. Indeed, 
as showed in ifTSll . they generate on a systematic level many new classes of nonlinear dynami¬ 
cal systems which possess infinite dimensional abelian groups of symmetry transformations. Their 
so-called permanence properties, given by Fuchssteiner ifTSll . allow to construct new hereditary 
operators out of given ones. 


3.5. p —compatibility equation 
Following frh . define a new multiplication 


^Xi R Cxj — Cxj RCxj ^ ^ (3.61) 

with some (bi-)linear map h : £/ £/, such that it makes £/ into a left-symmetric algebra as 

well. The new associator {ex^,exj,exi,)x' can be expressed in terms of old one as follows: 


{^Xii^XjT^Xk)*' — {^Xii^Xji^Xk)*~^^T ex-,exj,e 


(3.62) 


where 


exj,exj,exi^ — ^exj,exj-kexi^ ^exjXexjCx^ ^Xi'khexj,exi, ^ex-,exj *^Xk- 

Therefore, the left symmetric condition for {£/,*') is provided by the relation 


7 ’ _ rpf rri/ 

P^- Pyr - P^ Pyr P^ ^ P^ P^ P^ 

= ^ex.,exj*ex^ —Kxj,ex-Xex^ “ ^ 


^Xi 


— Cx -khp 




- h. 


— hf. 


^ex-.ex '^ex-Sx 

x,, Xj X. , j :, 


RCx^. — 0. 


Write here also 


(3.63) 


(3.64) 


^‘^x^,exj ^ex- i^Xj) 

for some linear map (p : ^ 'Pex. = 0(cx, )- 


(3.65) 
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Then the quasiassociativity condition (13.621) takes the following form: 

~ i^Xi ^^Xk) ~ ‘/’[e.i-. ,e^. ]{^Xk)~^ ^Xj * {^Xk ) 
~ ^Xj'*^ {^Xk ) ~ {^Xj ) ~ ^e:,. {^Xi )]*^Xk = 0- 

The relation (13.661) can be rewritten in an operator form as: 


= L 


Suppose now that (pe^_ is of a special form: 

peEnd(i/), 

with some operator p : jz/ —)• £/. Since for LSAs, 

[EujTy] - ^[u,v] ! G s/ 

the equation (13.661) becomes 




l^E(e,.,e,.) - 0 


(3.66) 


(3.67) 


(3.68) 


(3.69) 


(3.70) 


where 


E {Sxj i^Xj) — [p {^Xi ):^Xj] [Pi^Xj), ^Xj ] (^P {^Xi )*^Xj P {^Xj ) * ^ P [^x,- 1 ^Xy ] ^ 

= . * p {ex, ) + ex, * p (e^,) - p (e^, * * e^,) 

The p —compatibility equation then reads 

E {ex, ,exj) =0 4^ ex, * p (e^y) - * P (ex,-) = P (^x, * exj - exj * ex, ^ 


(3.71) 


:=P 


f{xi,Xj)ex,-yxj f{i^jii^i) ex, +Xj 


, (3.72) 


instead of the weaker deformation condition (13.701) . The operator p is called a strong deformation. 

For the particular case, when p : ex, '—> ex,y-XQ for fixed xq G Z, the p—compatibility equation 
(13.721) turns out to be a simpler difference equation 


= 0 . 


(3.73) 


f{Xi,Xj+XQ)- f{Xi,Xj) - f{Xj,Xi+XQ)- f{Xj,Xi) 

Define the right translation and exchange operators and S, respectively, by 

^xJ{xi,Xj) = f{xi,Xj+XQ), S’f{xi,Xj) =f{xj,Xi). (3.74) 

Then, the relation (13.731) reads 

^xo{^-<^)f{xi,Xj) = {l-S')f{xi,Xj). (3.75) 

Therefore the following result holds. 

Proposition 3.4. Let p : ex, '—)• ex,+xafor some fixed xq G Z. Then the p—compatibility equation 
( 13.721) is equivalent to the invariance of the operator (1 — ) under the action of the right translation 
operator f^xa-, i-e., 


ffx,{l-^) = {l-^). 


(3.76) 
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3.6. Universal identity 

All nonassociative algebras naturally arising in connection with integrable systems satisfy a univer¬ 
sal identity OH, i.e., 








where 


Here we get 


[[^,Az]] = {x,y,z)-{y,x,z). 


[[ex,,exj,ex,^-kex,]] = f{xk,Xs)\^ f{xj,xk+xs)f{xi,xj+xk + x,) 

- f{Xi,Xk+Xx)f{Xj,Xi+Xk+Xs) 

- f{Xi+Xj,Xk+Xx) f{Xi,Xj)-f{Xj,Xi) ^ 


(3.77) 


(3.78) 


(3.79) 


[[exi,exj,ex,]]-kex, = f{xi + Xj+Xk,Xx)\^f{xi+Xj,Xk) ^f{xj,Xi)-f{xi,Xj) 
+ f{Xj,Xk)f{Xi,Xj +Xk) - f{Xi,Xk)f{Xj,Xi+Xk)^ 


(3.80) 


ex,-k[[exnexj,ex,]\ = f{xk,Xi+Xj + Xs)\^f{xi+Xj,Xx) ^f{xj,Xi)-f{xi,Xj) 
+ f{Xj,X,)f{Xi,Xj+Xs)-fiXi,X,)f{Xj,Xi+X,)^ = 0. 


(3.81) 


Therefore, 


Proposition 3.5. The universal identity d3.77D turns out to be of the following form for the gener¬ 
alized quasiassociative algebra defined with the multiplication Al. 7\l : 


f{xk,Xj)(^-^Xi{Xj,Xk+Xj){l-S'){fiXi,Xj) + [[f{Xj,Xk+Xx),f{Xi,Xk+Xj)]]^ 

- ■^x,+Xjf{Xk,X,)(^-^xj{Xi,Xk)il-(^)if{Xi,Xj) + [[fiXj,Xk),fiXi,Xk)]]^ 

- ^Xi+Xjf{xk,Xj)(^-^xj{XhXj){l-S’){f{Xi,Xj)-y[[f{Xj,Xs),f{Xi,Xs)]]^ =0 (3.82) 

where 

[[f{xj,xi)J{xi,xi)]] = f{xj,xi)^xj{xi,xi) - f{xi,xi)^xj{xj,xi), (3.83) 

and ££u j Sf’ <^xe the usual left and right translation operators, respectively. 

From the definition of the algebra product (11.71) . the functions / can be regarded as the algebra 
structure constants. Therefore, the form (13.821) of the universal identity (13.771) could be linked to 
the integrability condition of the differential equations associated with the considered generalized 
algebra. However, at this stage of our study, such an assertion deserves further investigations. 
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3.7. Phase space extension 

As known from ll28l . the category of LSAs is closed with respect to the operation of phase-space 
extension, unlike the smaller category of associative algebras: if £/ is LSA then so is = 




Cr-ise' —Cx-ke' 

■Si X Sj Xi 


) ^XiJ^Xj G 


e' e G 


(3.84) 


where, 


{ex-i * 4, :ex,) = - (4;, * e;,,), , Cx* G ^, 4, G 


(3.85) 


The integrability of the hydrodynamical systems of the type 


Ut = pug -\-Ue -ku (3.86) 

is preserved under such phase-space extensions. In (13.861) . p is the operator whose matrix elements 
arep^ : 


p(^xy) -J^Pxj^xn 


(3.87) 


{cxj} being a basis of £/, whose structure constants are : 


^Xj * ^Xk — ^ ^XjXl,^Xi ■ 


Assume p satisfies the following p— compatibility equation (13.721) . i. e., 

ex, *p(ex,) - *p(ex,) = p (e,, -ke,. - e,^-ke,)j 


■=P 


f{xi, Xj ) Cxj +Xj f {xj ,Xi) -yxj 


(3.88) 


(3.89) 


By formulae (I3.61I) . (I3.65I) . (I3.68I) . we realize a new left-symmetric multiplication in the following 
way: 


ex,-* Cx: :— (exi + ep(exi)) -kCxj, — 0 


(3.90) 


corresponding to the phase-space extension 


^Xi^Cx 

exi-ke'.-e- 






f / 
P P 

^Xi 5 ^Xi 


€ , 


(3.91) 


where 


(ex,-* ^Xj^^Xk) — {^Xj:^Xi'>s Cxk) 

= ~{^Xj: (ex, +£p(ex,)^ *e;cj.) 














Mahouton Norbert Hounkonnou, Partha Guha and Tudor Ratiu 


— { (^^Xi + £p ^ * ^Xj ! ) 

implying 

^Xi * ^Xj ~ (^^Xi + ^Pi^Xi)^ *^Xj- 

Provided the former relation and taking into account the natural extension : £/ 
p !-?► Pi should satisfy: 


e 


/ 

Xi 



we are in right to postulate the following choice: 

Proposition 3.6. 



satisfies the p —compatibility equation 0.721) in . 

Proof. We have: 



(3.92) 


(3.93) 




(3.94) 


(3.95) 


Pi 






Cv- 'kCy - Cx- '^6x 

— p. I 

^Xi '^^Xj ~ ^Xj '^^Xi 

p{exi*exj-exj*exi) 

0 


(3.96) 


e')*^P^\ei 




er, \ / P(e 

/ / *I 


0 


*1 


Pi^x.) 

0 


exi *P i^xj ) exj -kp{exi), 

0 


Therefore, the p—compatibility equation (13.721) also holds in T*^/. 

When p : ex^ ^x,+xo for some fixed xq, the choice (13.951 ) reduces to a simpler relation: 




1-^ 


-Xi+XQ 

0 


(3.97) 

□ 

(3.98) 


We infer the following result. 

Proposition 3.7. Let p : ex^ •—)> exj+xo ■ Then the relations ( I3.96D and ( 13.971) reduced to 


f{Xi,Xj)-f{Xj,Xi) 

0 


^Xi+Xj+xo 1 _ 


f{Xi,Xj +Xo)-f{Xj,Xi+Xo) 

0 


-Xi+Xj+Xo 


(3.99) 


which is equivalent to 


1 — (S’ + — 1) f(Xi,Xj)\ _ 

0 / ~ 


(3.100) 
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giving 




(3.101) 


We thus recover the p—compatibility condition (13.761) . 
The phase-space extension of the system (13.861) reads: 



= Pi 




p{Ue^_) + Ue^,-kU 

Up u’ 


(3.102) 


It is also worth noticing that, in the case of the left-symmetric double ESll : , we 

get 


' *2 


'Xb 


^Xi *^Xb ~ ^Xj *^x. 


f{xi,xj)ex,+xj 

f{xi,Xb)e Xj+x,, f{xj,Xa)exj+Xa 


(3.103) 


and if p :, 


is an operator of strong deformation, then so is p 2 : —>■ , 


P2 


P{^Xi) + ^Xg^Xa 

+^Xv^Xn 


, e;,^,ex^,exv = constants 


yielding 


(3.104) 


P2 


Cx/+Xo + ^Xg^Xa 

Cxfj^x, + Cx^,Cxa 


when p{e^^) ■=e_ 


x,+xo • 


(3.105) 


Furthermore, as claimed in ||28l, the formula (13.901) shows that, in addition to the integrable 
hydrodynamic hierarchy starting with the equation (13.861) . i.e.. 


Ut = pup -\-Up -ku 

I Xj Xj 

we have a second hierarchy, starting with the equation 


(3.106) 


Mr = np^. -k' u = Up^, ku-\- ep{up^_)ku, = 0. 


(3.107) 


4. Centrally extended Virasoro algebra 

In this section we aim at investigating the quasi-associativity condition, the 3—ary bracket and the 
fundamental identity for the above generalized algebra in the particular case when a = b = I and 
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Xj{l+eXj) 1 


+i** h’ 


5° 

^Xi+Xj ) 


(4.1) 


g{Xi,Xj) = {Xi-Xj) + d{Xi^ -Xi)5jc,+xj 


(4.2) 


This algebra corresponds to the Virasoro algebra, also called central extension of the Witt alge¬ 
bra with the multiplication: 


coming from the commutator 


[exn^xj] = g{xi-xj)ex,+xj, 

Cx^-kO = = 0 


[exi , exj ] — exi * ^xj * fix,- 

ex/kexj = f{xi,Xj)ex,+xj 


where (x/,xy) € I?. 

Proposition 4.1. For the centrally extended Virasoro algebra, 

(i) The skew-symmetry condition 0.21) is equivalent to the system of equations 


xi + xj + e[xf+xjj=0 
x] +x3 - {xi + xj) + (e - £-') (xj +xj') = 0; 


f a) The Jacobi identity 




+ 


WXj , ^Xtl ) ^Xi 


+ 


) ^X; J ; ^Xj 


= 0 


is identified to the condition 


jf,- + fjk + — 0 


where 




{Xi-Xj) + d{Xi^ -Xi)5x,+Xj (Xi+Xj-Xk) 


+ 6 ( [XiJ-Xj) (xi -\-Xj)j 5x^+Xj+Xk 


(Hi) The derivation property, i.e.. 


(4.3) 


(4.4) 


(4.5) 


(4.6) 


(4.7) 


(4.8) 


[^x,-) ^Xj k^^Xk] ■ — ^Xjk [exj ) ^Xt ] + i^Xi J ^Xy ] * ^Xt 


(4.9) 


leads to 


xk{l + exk) 

1 + £{xj Fxk) 


(xi (xj + Xk))exj~\-Xj+xi, T 


•*i)^x!+Xy-(-Xj, 


1 

1 + £ (xi + Xj Fxk) 
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-{xf-xl)-Xk{xi -Xj)-e[{x^i-xl){xi+Xk)+ xj{xi -xj)] 


^xi+xj-yxi, 


+ 7^0 


{x/ -Xj){Xi-Xk) + {Xi-Xj)[{Xi+Xjf - {Xi+Xj)] 


+ {e-e ^)[xj^{xi-xk) + {xi-xj){xi+xjf] 


5° 

Xi+Xj+Xl^- 


(4.10) 


4.1. Quasi-associativity condition 

We answer the question: Does it exist a necessary and sufficient condition for this algebra to be a 
quasi-associative algebra with the multiplication 


ev,-*ev, = - 


xj{l + exj) ^ 1 

\+e{xi + Xj) ^-+^^ + 2 


'-Xi + {e-e ^)xi 


^Xi+Xj 


e^.-kd = dkCx, = 0 ? 


(4.11) 


Theorem 4.1. The algebra defined with the multiplication rule is neither associative, nor 

left-symmetric. 

Proof. By direct computation, we find: 


^Xi *{exj* Cxj. ) {Cxi * Cxj ) k Cxj. 


xu{\ + exu) r ^k + e 


{Xi+Xj){Xj+Xk) -xj 


1 + £(Xi -\-Xj -\-Xk) V 
0 / Xkjl + exk) 

2 \ 1 + £[xj -\-Xg) 


1 + E(xi ~\~Xj) 
-xi + {e-e^^)x, 


^Xi+Xj+Xj, 


'■J 


1 -f £X j 


1 + £(X; Xj) 


[xi -fxj)^ — [xi + Xj) + (£ — £ ^) (x; + Xj) 


5° 

'-'Xi+Xj+Xj; 


(4.12) 


while 


^Xj * {exi * ) {exj * ex,-) k e_ 

^ Xk{l + £Xk) + ^ 

1 + £{xj + Xy + X^) \ 


Xk 


{Xi+Xk){Xi+Xj) -xf 


0 / Xk{l-\-£Xk) 


2 V1 + £(x,' + Xjt) L 


1 + £{xi ~\~Xj) 
‘-Xy + (£-£^^)x/" 


-Xi+Xj+Xk 


X,-(l +£X,-) 


[xi -\-Xj)^ — [xi + Xj) + (£ — £ ^) (x,- + Xj) 


\ V'^i ' ) v^l ' -^1 

l+£(x;+Xy)D 

/ exi * {exj tsCxj) — {Cxi kexj)kCx^ ■ 


5° 

'^Xi+Xj+Xk 


(4.13) 


□ 

If is worfh noticing fhaf for / = j, fhis algebra becomes a leff-alfernalive algebra as required by 
fhe general formalism developed in fhe previous section. 
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4.2. 3—ary bracket and fundamental identity 
The 3—ary bracket, defined by the relation (13.401) . i.e., 


i^Xi ) ^Xj i^xi,] ■— ^Xi * [^Xj ) + ^Xj * ) ^Xi] + * [^x,-; ^xj] 


leads to the expression 


[^x, T^Xji^xi,] — _j_ g. _j_^ . _j_^ ^k)^j 4“ i^k )^i 


„2 2^ 


„2 2\ 


^X,-+Xy+Xj, 


+ 


2 L 


(x,4 + Xj^ + Xj^ )(!+£ — £ ') — (x,- + Xy + Xjt) 


§0 

'^Xi+Xj+Xli' 


(4.14) 


Defining the fundamental identity, (also called Filippov identity), in this case as: 


Xi,exj , [Cx,, , , Cxf\ 

:= 


+ 

Xk ) [^Xi T^XjT^Xl]^ 


+ 

Xk 1 ^xi 1 \,^Xj T^Xjj ^x„, ] 

5 



(4.15) 


implies cumbersome functional equations: 


{xj - xl)x,„ + {xl - xl)xi + {xl - xf)Xk 


1 + £ (xk + X/ + Xm ) 

+ “ i^k ~\-Xl +Xm)^')xy + (^{xk +X/ +Xm)^ “Xy jx, 

.-2 J 2 


{x]-x}){xk+Xl+Xm) 


(xj - xj)xk + (x? - xl)xj + {xl - xj)Xi 


{xJ — (x; +Xy -\-Xlc)^)x„ 


1 + £(x,+Xy+Xi) L'' ^ ^ 

+ ( (x; + Xj + Xk)^ — X^ j X/ + (x^ —xl) (x, + Xj +Xk) 


+ 


(xj - xl)xi + (x? - xf)Xj + {xj - x))Xi 


1 + £ (x; + Xj + X;) 


{{Xi+Xj+Xlf- -x^^x„ 


+ {xl —xlf){xi +Xy +X/) + {xf„ — (x,- +Xy +X/)^)x<: 


+ 


J ' v^m v^i ' 

{xj - xl)x,n + {xf - xl)Xj + {xl„ - xj)Xi 


1 + £(x,' +Xy +Xm) 

+ {xl - {Xi +Xy +X,„)^)X/ + ( (xy +Xy +X„,)^ - X^ )X^. 


{xj — X^ ) (x; + Xy + X,,,) 


(4.16) 


and 


(x/ +Xy +Xi:)^ + (xy +Xk+Xl)^ + (x/ +Xy +Xm)^ - (x^; +X/ +X„,)^ 

+ 2(x|+X^+X^) — (xj+Xy) (l+£ + £ ^) — 2(x,'+Xy+X/t+X/+X^) = 0. (4.17) 


These functional equations reduce to the simpler relation (14.171) when £^ = 0. 
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5. L^,— infinite dimensional Lie algebra of polynomial vector fields on the real line M' 

Consider the algebra 'Lg— as the infinite dimensional Lie algebra of polynomial vector fields on fhe 
real line . Lef us define fhis algebra by fhe infinife basis {e,} : 

/gN (5.1) 

ax 


wifh fhe commutator 


with the multiplication 


[ei,ej\ =ei-kej-ej-kei = {j-i)ei+j 


— {q-\- l)ep-yq + Sp-yqy -1 . 


(5.2) 


(5.3) 


Here the *— multiplication is nothing but the ordinary operators product. 

One can easily prove by direct computation that this algebra endowed with the product (15.31) is 
an associative algebra, i.e., its associator is equal to zero. Indeed, 


dp -k {Cq -ke^) 


{CpkCq) ke^) 

d 

(r + \){q-\-r + \)epy-q^r+ {q + 2r + ^)^p+ 9 +'‘+i^ 


Further the corresponding Nambu brackets are null, i.e., 

[ep,eq,er\ '■= epk\eq,er\ -\-erk[ep,eq\ = 0, (5.5) 

that is the Jacobi identity is automatically satisfied. Thus we have a null 3— algebra for an infinife 
sef of non-frivial noncommufing oscillator charges. The Filippov condifion is frivially safisfied in 
fhis case, i.e.. 



:= 

[ep,eq,er],es,et 

+ 

^ri \_^p:^qi^s\ 1 

+ 



(5.6) 


The Bremner operafor, also called fhe associafive operafor, of course, perfecfly works, i.e.. 




’ 

■ 

1 



-pi^qi ^r] 1 [^s 


(5.7) 


as a consequence of fhe associafivify. Moreover, fhe skew-symmefry properfy is obeyed by fhe 
definition of fhe producf, i.e.. 


[ei,ej] =eikej-ejkei = -[ej,ei] = -{j-i)ei+j. (5.8) 

Provided fhe Jacobi idenfify and skew-symmefry properfies are safisfied, fhis algebra is made info a 
Lie algebra sfrucfure. On fhe ofher hand. 
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[^p ) * ^r\ — 


{r+l){q + r+l)-{p+l){p + r+\) ep+q+r+{q +r-2p)ep+q+r+i-^, (5.9) 


eqR[ep,er] = {p + r+ l){r - p)ep+q+r + {r - p)ep+q+r+i-^, (5.10) 


[ep ,eq]Req = {r+l){q- p)ep+q+r + {q- p)ep+q+r+i 


dx 


(5.11) 


Summing the relations (15.101) and (15.111) . we find that 


[^p^^qR^r] — ^qR \^p:^r\ + [^p-:^q\ *^q^ (5.12) 

showing that the derivation property is satisfied, what makes (Ljt, [.,]) into a Poisson structure. 
These properties induce the following consequences: 

Proposition 5.1. Let and Rg^ be the left and right multiplication operators by eq, (for some fixed 
G L^.), defined, respectively, as: 


^Sqi^p) — t^q-kep, Rg^(ep) —CpV^?p G L^. (5.13) 

Then the following relations hold, for all G L^.: 


[J^ep-,heq\ — ^ep,eq\ 
^[ep,eq\^-) ~ {■)'*^[^p^^q\ — “ (•) * 

[^ep)Req]{-) — ^p'*^\{.-)^^q\ =0 
[Rep)^q\{-) — ^q*\^p^{-)] 


\^epReq~\~Rep*eq\{-) — (•) * (^?) + (^p)]■ 

Let us mention an interesting identity of general interest: 


^pA^qi^A + ^rA^pi^q\ 


— eq-k[ep,er\ [ep^ef-ke, 


?! 


(5.14) 

(5.15) 

(5.16) 

(5.17) 

(5.18) 

(5.19) 


valid whatever the *—product, with the usual commutator. 
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6. Concluding remarks 

In this paper, we have discussed the appearence of left symmetric algebras in a generalized Virasoro 
algebra. We have provided the necessary and sufficient condition for this algebra to be a quasiasso- 
ciative algebra. The criteria of skew-symmetry, derivation and Jacobi identity making this algebra 
a Lie algebra have been derived. Coboundary operators are defined, the 2—cocycle and coboundary 
are discussed. We have deduced the hereditary operator and its generalization to the corresponding 
3—ary bracket. Further, we have derived the so-called p—compatibility equation, and performed a 
phase-space extension. Concrete relevant particular cases have also been investigated and discussed. 

This study brings some interesting questions to light which merit a separate in-depth treatment. 
For instance, new examples of nonlinear systems associated with the considered generalization of 
the Virasoro algebra may exist, but their full investigation remains totally open. Besides, a detailed 
analysis of the main properties of 3—algebras on the basis of definition (13.421) or (13.441) is also of 
great importance. These topics will be the core of our forthcoming works. 
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